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An asymptotic analysis is made of the magnetic induction equation for certain flows characterized by
a large magnetic Reynolds number R. A novel feature is the hybrid approach given to the problem.
Advantage is taken of a combination of Eulerian and Lagrange coordinates. Under certain conditions
the problem can be reduced to solving a pair of coupled partial differential equations dependent on
only two space coordinates (cf. Braginskii 19644). Two main cases are considered. First the case is
examined, in which the production of azimuthal magnetic field from the meridional magnetic field by
a shear in the aximuthal flow is negligible. It is shown that a term J (analogous to electric current) is
related linearly to the vector B which determines the magnetic field. (Note that B is not the magnetic
field vector: see (1.33) and (2.355).) The current J is likely to sustain dynamo action. Secondly, the
case is considered, in which shearing of meridional magnetic field is the principal mechanism for creating
the azimuthal magnetic field and the effect described above is one mechanism for creating meridional
magnetic field from the azimuthal magnetic field. It is shown that the term J is not only linearly related
to B, but has an additional contribution P x (V x B), where P is characterized by the flow (see (4.15)).
Both these effects have been predicted previously in theories of dynamo action produced by turbulent
motions. Under certain restrictive conditions the resulting equations in the second case reduce to
Braginskii’s (1964 a, b) formulation for nearly symmetric dynamos. The words azimuthal and meridional
are not used here in the usual sense. The difference in terminology is a consequence of a coordinate
transformation.

1 Now at School of Mathematics, University of Newcastle upon Tyne, NE1 7RU, England.
1 National Oceanic and Atmospheric Administration/University of Colorado.
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432 A. M. SOWARD

1. INTRODUCGTION

During recent years several models have been proposed to explain geomagnetic and stellar
dynamos. Three main types have had considerable success; statistical, multiple length scale
and nearly symmetric dynamo models. All three approaches have one feature in common,
namely to introduce a modified Ohm’s law by explicit (or implicit) averaging. The usual form
of Ohm’s law in an electrically conducting fluid is

j¥ =oc(E*+u*x b*), (1.1)

where j* is the electric current, E* is the electric field, b* is the magnetic field, o is the electrical
conductivity and ©* is the fluid velocity. It is well known that dynamo models cannot be found
which satisfy (1.1) and Maxwell’s equations if the fluid velocity and magnetic field contain
too much symmetry. Indeed Cowling (1933) showed that steady dynamos could not exist with
axisymmetric magnetic fields. Such considerations have hindered the search for dynamo models.
The statistical approach has recently received considerable attention. Since many of the
new terms introduced into (1.1) after statistical averaging have their counterpart in the theory
of well-ordered motions presented in this paper, it is worth while describing very briefly the
nature of the results. The velocity #* and magnetic field b* are separated into their mean and
fluctuating parts by setting
u* = duy+u', b*=(by+0, (1.2)
where the brackets represent an averaging operation and the primed vectors have zero average.
At this stage it is unnecessary to give a precise definition of the averaging operation. Clearly on
substituting (1.2) into (1.1) and averaging, Ohm’s law becomes

() = o{{E) + ) x (b) + <’ x b')}. (1.3)
A principal objective of the statistical theories is to determine a simple representation of (&’ x ")
which effectively introduces a new electromotive force in the averaged Ohm’s law. Further
progress can be made in determining (@’ x b") if certain assumptions are justified. The type
of assumptions that are made will be described later in the section. However, the approximations
usually lead to the form
(W % By = ety (BY, + B (Y 0m, (1.4)
for the ith component of the vector {#’ x ) in a rectangular Cartesian frame, where & is the
position vector and e, By, are tensors which depend on the structure of the turbulent velocity.
Several authors have made precise estimates of the coefficients in (1.4) (see, for example, (1.11)).
For the present purpose it is sufficient to give general invariance arguments which indicate the
character of the coeflicients a;;, ;5 but cannot give their magnitude.
For the present, attention is restricted to the case where {(u) = 0. If the turbulence is steady,
homogeneous and isotropic, invariance arguments show that

;= iy Pijw = Pesjs (1.5)

where o and g are constants and where d;; is the unit tensor and e, is the completely anti-
symmetric tensor of rank 3 with €53 = 1 for a righthanded system. It follows that Ohm’s law

becomes
(G = oo{(E) + (b))}, (1.6)
where op = o(l+pucf), (1.7)


http://rsta.royalsocietypublishing.org/

A

'y
fA \

o \

.
|
L

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

y \

r

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

LARGE MAGNETIC REYNOLDS NUMBER DYNAMOS 433

and y is the magnetic permeability. In accordance with the terminology of Steenbeck & Krause
(1969a), the term a(b) in (1.6) will subsequently be referred to as the a-effect. More subtle
arguments depending on the distinction between polar and axial vectors indicate that o is
a pseudoscalar, e.g. the helicity (u’-V xu’) (see Moffatt 1969) which is the scalar product of
a polar and an axial vector. However, for the a to be non-zero the turbulence must lack mirror
reflexional symmetry. In a cosmic body it is natural to account for the lack of symmetry by the
rotation, but this introduces a preferred direction (4 say). In this case (1.5) is no longer valid and
%55 By must be expressed in the form

0y = g5+ 0 €455 A + YA Ay l
Biiie = Beisi— L1 01— Bad; Sry — BaAs0sj + 11 6j1g Ay Ay + o € M Ay + g €55 4 A + VA A /\k’J

where «, f, 1, v are functions of A2

Attention is now fixed on a different mechanism which is introduced by the existence of a pre-
ferred direction. It can be argued that in a rotating system the small eddies have ‘forgotten’
the preferred direction. In this case the turbulence may be regarded as predominantly homo-

(1.8)

geneous, isotropic, and mirror symmetric but also weakly anisotropic with a preferred direction
given by the local angular velocity {w). Thus e,; and S, are defined by (1.8) with 4 = {(®)
and terms quadratic in (@) are neglected. Again arguments indicate that the pseudoscalars
should vanish, namely o and a,, noting that (@) is an axial vector. For these approximations
Ohm’s law becomes

) = 02(E)+ @) X Gy — (B2 + B5) (Vb)) -{®). (1.9)
Finally in the general case where a;; has no special properties, the term
(b (1.10)

that appears in Ohm’s law (1.3) will also be referred to as the a-effect.

The arguments of the previous paragraphs are by no means complete. However, they serve
to introduce various terms that may be important in the averaged Ohm’s law (1.3). The reader
referred to P. H. Roberts (1970) for a more detailed survey of the subject.

The a-effect was first introduced into a dynamo model by Parker (1955). In an axisymmetric
configuration azimuthal magnetic field may be created from the meridional magnetic field
by a shear in the azimuthal velocity. However, there is no corresponding mechanism for creating
the meridional magnetic field. Parker envisaged that a large number of short-lived, small-scale,
cyclonic convective cells superimposed on the axisymmetric motion would twist small loops
from the azimuthal magnetic field lines with non-vanishing projections in the meridional plane.
Supposing the field lines to be systematically twisted in a preferred direction (associated with
rotation) subsequent diffusion of this magnetic ficld could reinforce the meridional magnetic
field. In fact Parker’s dynamo is an example of an aw-dynamo (see P. H. Roberts (1970)) being
sustained by a combination of an a-effect and shearing due to a gradient in the angular velocity
(w-effect).

More recently Steenbeck & Krause (1967) have made a direct correspondence of o with
helicity. Explicit evaluation of e and £ (see (1.11)) is made on the assumption that the turbulence
is homogeneous and isotropic. It is further assumed that (i) <w’-u')t < (pol)=! where [ is the
length scale over which the fluid velocity is correlated, and where the average is an ensemble
average, (ii) the time variation of the turbulence is slow, i.e. the correlation time must be large

41-2
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434 A. M. SOWARD

in comparison with #ol? so that equilibrium can be established by diffusion in regions with
linear dimension /. Calculations lead to

o = —Lpolu Vxuy, f=—Luclu u' (1.11)

(see Steenbeck & Krause 1967, eqn (16)). Similar work has been done by Moffatt (19704)
on the assumption that the turbulence is stationary (independent of time) and homogeneous.
It is supposed that the fluctuating quantities vary on a length scale / which is small compared to
the length scale associated with the mean quantities. It is further supposed that the magnetic
Reynolds number based on [ and {u’-u)? is small (cf. (i) above). In this case a term of the
type (1.10) is obtained (a;; is symmetric) but f;;; does not appear. As foreseen by the earlier
remarks, Moffatt’s «;; becomes ad;; for isotropic turbulence and moreover « is proportional
to {u'-x"y, where u’ = V x y’, a quantity which is a measure of the knottedness of the streamlines
(Moffatt 1969; see also §4). The absence of the f§;;; term can be accounted for since it is likely
to result from the average of a quantity with one less spatial derivative than the knottedness and
consequently negligible when compared with a;;. In this connexion the multiple length scale
work of Childress (1969, 1970) is also relevant. In this case well-ordered motions are considered
but the generation mechanism is essentially the same as Moffatt’s. Again a term of the form (1.1)
appears in which a;; is Hermitean (strictly this depends on the degree of the velocity field being
even (see Childress 1969, 1970), but the case of degree 2 is probably usual). Since these dynamos
rely solely on the a-effect for their existence they will subsequently be referred to as o?>-dynamos
(see P. H. Roberts 1970).

Several explicit models have been considered which illustrate the possibility that dynamos
may be sustained by the a-effect. The case of fluid contained in a sphere with a constant has been
considered by Krause & Steenbeck (1967) and with & proportional to cos ¢ (0 being the colatitude)
by Steenbeck & Krause (1966, 1967). The multiple length scale work of Moffatt (19704),
Childress (1969, 1970) and G. O. Roberts (1969, 1970) also supports this possibility. Indeed the
a-effect has been demonstrated experimentally by Steenbeck ef al. (1967). In practice it is
likely that the geomagnetic and stellar dynamos are aw-dynamos. Again numerous models
have been investigated which indicate that the aw-dynamo will work (for example Parker 1955;
Krause & Steenbeck 1964; Steenbeck & Krause 1966, 1967, 19694, b). Finally with regard to
(1.9) Radler (19684, b, 19694, b, 1970) has shown by explicit example that the (@) x {j)-effect is
capable of creating torroidal magnetic field from poloidal magnetic field. Thus in combination
with the w-effect dynamo action is possible in the absence of the a-effect.

Though this paper is not concerned with the theory of turbulent dynamos, the extensive
treatment of the dynamo models by the above authors is of considerable importance for the
interpretation of the results derived here in §§3 and 4. The three different effects, «, w and
{w) x {j) all appear at some stage: the a-effect only in § 3 and all three effects in § 4. As in the
case of turbulent dynamo theory, coefficients appear which are difficult to evaluate explicitly
though here they are determined by precise analytical expressions. Consequently interpretation
of the resulting equations is made by making simplifying assumptions about the form of the
coefficients. These assumptions are comparable with those made in turbulence theory. Thus no
more can be said about the possibility of dynamo action (as governed by these equations) than
can be concluded by the results of the above authors. However, in view of their results it is
likely that the equations derived in this paper will govern dynamo models.

Braginskii (1964.a~c) has had considerable success in describing the Earth’s dynamo in terms
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of a nearly axisymmetric model, characterized by a large magnetic Reynolds number R. The
dynamo equations are derived from an asymptotic analysis in which the leading terms in the
expansion are the axisymmetric azimuthal velocity and magnetic field. A pair of equations (see
(5.17)) are determined governing the axisymmetric part of the magnetic field. The equations
are derived first on the assumption that quantities vary on a slow time scale (see § 4) and second
on the assumption that quantities may also vary on a fast time scale (see § 5): in this case a time
average is taken. The fast time scale is important as it corresponds to a class of magnetohydro-
dynamic waves that are likely to be excited in the Earth’s core (see Braginskii 1967, 19704, b).
It should be noted that the model is an example of an aw-dynamo and a detailed account of
a spherical model is given (Braginskii 1964c¢).

Despite the success of Braginskii’s model two features make it unattractive —the most im-
portant is the lack of flexibility. Essentially a very precise ordering is required in the asymptotic
expansion. The magnetic field and velocity are expanded in the form

u* = U(p,2) ig+ R4 (p, ,2) + Rty (p, 2), (1.12)

where p, ¢, z are cylindrical polar coordinates: z is the distance along the axis, p is the radial
distance from the axis, ¢ is the azimuthal angle, i,, i, i, are the unit vectors in the p, ¢, z direc-
tions respectively, the suffix M denotes meridional components and primed quantities have

zero ¢-average (> =0
]

where o = %Jj“fdgé, (1.13)
and Y =St +{fpig+{fo)i.

Though the first term in the expansion (1.12) can be interpreted physically it is difficult to
motivate the subsequent ordering except in as much as it gives rise to a dynamo model. The
second unattractive feature is the extremely lengthy algebraic manipulations needed to derive
very simple equations. Indeed this criticism is acknowledged by Braginskii (19646) where the
remark is particularly pertinent to the analysis of the fast time scale. Braginskii points out that
a simpler derivation is likely and that such a derivation would help elucidate the mechanisms
involved. Motivated by these considerations Tough (1967) extended the asymptotic analysis
to the next order and showed that the simple character of the equations is retained. Much of
the simplification stems from the introduction of ‘effective’ meridional velocity and magnetic
field vectors. In a recent paper Soward (19715) has discovered the real significance of these
vectors. It was shown that given U(p, z) and u'(p, ¢, z) an axisymmetric velocity vector V(p, z)
could be constructed with the property that the velocity field described by the sum

ty = U(p,2) i+ RW (p, 6,2) + RV (p, 2)

has closed streamlines—all velocity vectors have zero divergence. Moreover, a velocity of the
type (1.12) can be naturally decomposed into the form

u* = uy(p, ¢, z) + R Uy, (1.14)

where, correct to lowest order, ty; is the ‘effective’ meridional velocity introduced by Braginskii
(1964a). It was also indicated how the velocity u, might help the systematic iteration of the
solution to higher order. The concept of the closed streamline flow u, is fundamental in the
present treatment of the dynamo problem.
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436 A. M. SOWARD

P.H.Roberts (1970), in reviewing Braginskii’s work, has emphasized the importance of
consistency conditions. A simple example may be derived from the steady magnetic induction
equation in the dimensionless form

u*x b* = VO + RV x b*, (1.15)
where @ is a single valued potential. Provided #* describes closed streamlines the magnetic
field b* must satisfy the consistency condition

39 dX -V x b* = 0, (1.16)
o(x)

where C(X) is the contour of a closed streamline and X is the position vector of points on the
contour. However, in the large magnetic Reynolds number limit the V x b* term is neglected
in the first approximation. Thus if it is supposed that the solution of (1.15) takes the form

b* = Ou* + R-'b,, (1.17)
where u*.Vo =0 (V.u* =V.-b* =0), (1.18)
the consistency condition (1.16) gives
@3@ d—f(u*-qu*) = —R”1§ dX-Vxb,. (1.19)
oo [t*] ox)

It follows that a solution of the type (1.17) exists only if the integral

SE X (u*-Vxu*),
oo |1*]

which is a measure of the helicity, is order R~1. Such considerations are not new. Batchelor (1956)
examined the Navier-Stokes equations for the limiting case in which the viscosity vanishes.
In that case the flow is governed by (1.15) where b* is the vorticity V x u* and R is the Reynolds
number.

The correspondence of arguments of the above type and the derivation of Braginskii’s dynamo
equations is not immediately obvious. However, the distinctive feature of the Braginskii ex-
pansion is the leading term for the velocity and magnetic field, namely U(p, z) iy and B(p, z) i,
respectively. These vectors correspond to the leading terms in the expansions (1.14) and (1.17)
where the averaging operation is performed along the circles p = const., z = const. The ex-
pansion is cumbersome owing to the existence of the order R~ terms. In view of the importance
of the ‘effective’ velocity gy (see (1.14)) in the resulting equations it would be more natural
to take u, for the leading term of the velocity expansion—the contours C(X) would then corre-
spond to the velocity w4, Consequently the order R-% terms would not appear in the expansion
procedure. Of course integration along contours of a more general shape introduces new dif-
ficulties for the establishment of predictive equations. This problem is the main concern of
this paper. Moreover, no restrictions are imposed on the deviation from axial symmetry.

In order to make the procedure explicit it is supposed that an electrically conducting incom-
pressible fluid is contained in a spherical cavity. The set of loops C(X) are defined by the mapping
of the circles p = const., z = const. subject to the transformation

X = X(#,1), (1.20)

where & is the position vector (p, ¢,z) on the circle, X is the corresponding point on the loop
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C(X) and ¢ is the time. The only restrictions on the transformation are that both X and « lie
inside the cavity, that the first time derivative, and the first three spatial derivatives of X («, ¢) exist
and that the transformation may be realized by a displacement X — & which has zero dilatation.
In this way (p, z) labels a loop C(X) and the azimuthal angle ¢ parameterizes uniquely points
on the loop. Both the points X and & play an important role in the subsequent theory. Quantities
will be averaged around the loops C(X). However, it is important to be able to commute the
averaging operation with the differential operator. By making the point X correspond to a point
on a circle, it is possible to change the complicated integral operation into a simple ¢-integration
about the circle p = const., z = const., so avoiding the difficulty. The notation is made more
concise by defining F(#, ) in cylindrical polar coordinates by the components
F(x,t) = (F, Fy, Fy) = (F,, Fy, F,), (1.21)
and by defining the differential operators
0 19 0
V= (ala 62’ 63) = (%;;6’53 'a})’ (1‘22)

Further, if a vector is defined at X («,¢) (such as the velocity vector u*(X,t)), it is regarded as
a function of ¥ and so is resolved in cylindrical polar coordinates at the point &. Since the trans-
formation preserves volume it follows that

BXD. (BXDx 8X) = 5a®. (54@ x 5a@), (1.23)
where 5X™ = (54™.V) X, Ba™ = (dp™,pdp™, dz™), (1.24)
and dp™, d¢™, dz™ are arbitrary differentials. However, (1.24) may also be expressed in the
form BXM = a,(X) 5x{, (1.25)
where a;;(F) = (0; F); = 0;F; + 8j5€314(1/p) Fy, (1.26)

and summation is automatically assumed when a suffix is repeated. { Since the 8™ are arbitrary
it foll h
vectors it follows that J(X) = 1, (1.27)

where T(F) = (1/3) 61360 0a(F) a3 (F) g (F). (1.28)

It will become apparent later that it is inconvenient to describe the magnetic field at X
by its value there; b* (X, t). Instead it is determined from the related vector b(«, ¢). The relation
between b and b* is best understood by interpreting b(%,¢) as a magnetic field vector. The
magnetic field is supposed frozen to a (fictitious) fluid. The fluid at every point & in the cavity
is subsequently moved to the new points X(#,¢) by a continuous deformation. The resultant
magnetic field is b*(X,¢). Reversing the process gives a physical interpretation of the vector
b(#,t). With this definition of b( %, #), the flux of magnetic field across (fictitious) material surfaces
is invariant under the transformation (1.20). Consequently b*(X,¢) is related to b(«,?) by

the identity b*(X, 1) [6XD x 8XO] = b(x,t) [54D x 5x@], (1.29)

1 There is some similarity here with the use of a varying reference configuration (see, for example, Truesdell &
Toupin 1960, p. 372).

1 It should be emphasized that a;; is not a tensor. Indeed the F; defined in (1.21) are neither the covariant
nor the contravariant components of a vector. Since cylindrical polar coordinates provide the only suitable
reference frame it seems unnecessary to introduce the general formulation of the tensor calculus.
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where 8X® is defined by (1.24). By the same argument that leads to (1.27), it follows that

T(X) (X, 8) = by(%,1), (1.30)
where T35(F) = (1/2!) €0 €5pq 1 (F) g(F). (1.31)
In view of the identities i Ty = gy Ty = J 0y, (1.32)

it follows that b*(X,t) = b(«,t)-VX. (1.33)F
The fluid velocity u* at X is defined in almost the same way by ’
u*(X,t) = 0X/0t+u(x,t)-VX. (1.34)

The term 0X/0¢ is the velocity vector describing the movement of the point X when « is fixed.
The velocity u is related to u* — 0X/0t in precisely the same way as the two magnetic field vectors
above: though the concept of a frozen velocity is not quite so clear. Finally since b*, u* and
0X /0t have zero divergence the nature of the transformation procedure implies that b and u
also have zero divergence. More direct mathematical reasons will be given in the next section.
At this stage it is convenient to summarize the objectives and layout of the paper. Attention is
restricted (with the exception §5) to the magnetic induction equation which in dimensionless

form is 0b* [0t = Vyx (u* x b*) + R-1V% b*, (1.35)

where the suffix X indicates that the gradient operator acts at the point X and both the magnetic
field b*(X,¢) and the fluid velocity u* (X, ¢) have zero divergence:

Vyu* = Vy-b* = 0. (1.36)
It is supposed that the magnetic Reynolds R is large:
R =ouU*L > 1, (1.37)

where L is the radius of the spherical cavity and U* is a typical fluid velocity. It should be noted
that, unlike many of the turbulent theories, L is the only length scale of importance characterizing
the problem. The velocity u* is given and the problem is completely posed when suitable
boundary conditions are applied. In § 2 the magnetic induction equation (1.35) is transformed
with the help of (1.20) to (1.34) into an equation for b(,t). The equation is separated into its
mean and fluctuating parts. Part of the averaged diffusion term can be decomposed into a new
diffusion term and an a-effect. One important component of the matrix associated with the
a-effect is a measure of the helicity (see (2.52)). In §3 the production of azimuthal magnetic
field by shearing the meridional magnetic field is neglected so that the character of the a-effect
may be considered in detail. In §4 shearing of the magnetic field is considered in conjunction
with the a-effect. In this case it is found that the {w) x {j)-effect (see (1.9)) may also be significant.
When the displacement of the loops is small (specifically X(#,¢) — & = O(R~%)) an exact corre-
spondence is made with the earlier work of Branginskii (19644). In § 5 the equation of motion
is considered briefly in order to study the magnetic induction equation based on both an order 1
and an order R time scale. As mentioned earlier in the section, the fast (order 1) time scale is
associated with the periods of a class of hydromagnetic waves that may be excited in the Earth’s
core while the slow (order R) time scale is associated with the free decay time. Dynamo equations
relevant to the model are extracted from the equations derived in § 4. These equations correspond

1 This representation for a ‘frozen’ vector function is well known (see, for example, Serrin 1959, §17).
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to those obtained by Braginskii (19645) but have more general application. In § 6 consideration
is given to the best choice of the transformation X = X(&,¢) which is far from being uniquely
defined. Moreover, the large magnetic Reynolds number expansion may be invalid in some
regions of the flow where the velocity is small or spatial derivatives are large. The first of these
difficulties may never occur if the velocity is large everywhere including the neighbourhood of
the boundary. This case is considered together with the boundary conditions at the fluid/solid
interface and attention is given to the associated boundary layer. Finally a few concluding re-
marks are made in § 7.

2. THE BASIC EQUATIONS

(a) Some preliminary identities
Before considering the magnetic induction equation in detail some algebraic structure must
be developed. Though equations (1.35), (1.36) are naturally functions of X, ¢ they are regarded
as functions of «, ¢, where X = X(,t). Therefore it is necessary to relate quantities like the
gradient of a scalar (X, t) at X(&,¢), namely Vxy/(X, t), to the gradient of 4 at & (regarded as
a function of x), namely Vy[X(,1),]. Following the notation (1.22) the ith component of

Vi in cylindrical polar coordinates is

[Vy); = 0, (2.1)

It should be noted that the suffix X is only inserted after the gradient operator when the operator
is applied at X: the suffix & is omitted when applied at ¥. Moreover, it is clear that

Vi = (VX) - Vxy (X, 0),F (2.2)
and using the definition (1.26) the ¢th component of Vi is

0¥ = a;(X) [Vx¥ (X, 1)];. (2.3)
After multiplying (2.3) by the inverse of the matrix a;,(X), namely 7;,(X), the identity

[Vx¥ (X, 0)]; = Ty5(X) 059 (2.4)
follows immediately. It can also be shown for the vector functions F(X, f) and G(X,¢) that

[Vx x F]; = €3, Ty(X) ay(F), (2.6)
[F-VxG]; = F Ty, (X) a,(G). (2.7)

Finally it is clear that
aF) (E)F) 0X
= == +— V4 F,
( ot x=const ot X=const ot x

and hence, by the use of (2.7), the ith component of 0F[0t (keeping X fixed) is

oF ) ] [ (aF ) ] an
il =|{= — = T.(X) a;,(F). 2.8
[(at X=constl? ot x=constl¢ ot ]k( ) m( ) ( )
+ Here VX is the gradient of a vector. In a rectangular Cartesian coordinate system the ith component of
Vi is
o X, o
dx;  Ox; 0X;'

This identity is recovered from (2.3) if the terms introduced by curvature are neglected.

42 Vol. 272. A.
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Some identities involving a;; and T;; are now introduced. From (1.27), (1.28) and (1.31) the
algebraic identities

aij(X) (1/2') itm € gyl (X) Y;nq(X), (2‘9)
and Emite Tmi(X) = €1pg 05 (X) a1,(X), (2.10q)
Emite Lim(X) = € @1 (X) @1 (X) (2.108)

can be obtained. Note the interchangeability of a;; and T}; in the identity (2.9) (and consequently
in (2.10)) depends on J(X) = 1. A fundamental identity concerning the derivatives of a;;
obtained by direct differentiation of J(F), namely

OulJ(F)] = Tyy(F) 0 ay(F))- (2.11)
With the help of (1.27) and (1.82) it follows that
T5(X) 0nlay(X)] = 0,[T3(X)] ay5(X) = O. (2.12)
Noting the elementary identity
0;0;—0;0; = —e355(1/p) 0y, (2.13)

it is readily established from the previous statements that
i@y (F)] —0ylay(F)] = — €5;1(1]p) ayo(F) + (1/p) €30i[Bra@nj(F) — O30, (F)],  (2.144)
T3;(X) Olam(X)] = — ;[ T35(X)] @n(X) = (1/p) Opua — (1/p) €35 Tia(X) an(X), (2.140)
[T35(X)] = — (1/p) {Tea(X) + €303 Tno(X)}, (2.14c)
€ipqOplasq(X)] = = (1/p) 03355(X) + (1/p) €1pa€3qj ¥4p(X)- (2.14d)

Evidently all the terms on the right-hand side of (2.14) are curvature terms, i.e. in a rectangular
Cartesian coordinate system none of these terms appear.

In the previous section it was argued on the basis of the transformation property of b(«,¢)
into b*(X, ) that V- b is zero. Now a direct argument is given. From the definition (1.26) and
the identities (2.5) and (2.14¢) it follows that

Vi F = (1/p) 4[pTi(X) F]. (2.15)
Hence from (1.33), noting Vy-b* = 0, (2.15) leads to the identity
V-b(x,t) = 0. (2.16)
Similar arguments show that u(%, ¢), defined by (1.34) has zero divergence:
V-u(x,t) =0, (2.17)

since both Vy-u* and V- (0X/0t) are zero.
Finally it can be shown, making particular use of (2.10) and (2.144d), that

€3t Lym(X) Ti(X) apg(F) = Emis Ot s (X) Frp] + (1/P) O (X)) Fe (2.18)

Hence by (2.6) it follows that
T5i(X) [Vx x Flp = [V % fss (2.19)

where Ji(%,8) = a;,(X) Fr(X, 8). (2.20)
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(b) The transformation of the magnetic induction equation

The analysis of the magnetic induction equation is divided into two parts: (I) the advection
term

(advection)* (X, ) = (0b*[0t) — Vy x (u* x b*) (2.21a)
is considered, and (1I) the diffusion term
(diffusion) * (X, f) = V¥ b* (2.210)

is considered. In view of the results established between (2.15) and (2.20) itis natural to introduce
the related advection and diffusion vectors in a similar manner to the related magnetic field
vector b(«,t) with, of course, similar interpretations. Thus from (2.21) the related vectors

(advection), (#,£) = T;,(X) [0b* [0t — Vyx x (u* x b*)], (2.224)

(diffusion), (%, ¢) = T;,(X) [V b*],, (2.220)
are introduced.
The simplification of (2.224) is now straightforward. From the definitions (1.33) and (1.34)
it follows that

a;5(X) [(w* — (0X[01)) x b*]; = (ux b),;, (2.23)
and hence together with (2.19), (2.20) leads to
T3(X) [Vx x {(u* —0X[0t) x b*}]; = [V x (ux b)],. (2.24)
Similar arguments making use of (2.8) give
10 [ 225 (4] - [2]. .
Hence combining (2.24) and (2.25) leads to
(advection) (#,¢) = 0b/ot—V x (ux b). (2.26)

This simple result could perhaps have been expected owing to the physical nature of the advec-
tion terms and owing to the original definitions of u and b. Thus after considerable algebra the
advection terms look neither better nor worse than before! Clearly an advantage has been gained
as only simple # need be considered later.

Though the advection terms have provided no problem, the expression for the diffusion term
is more complicated. Making use of (2.19) and (2.20), we can express the related diffusion term
(2.225) in the form

(diffusion) (#,t) = =V x &, (2.27)
where Ei(%,1) = a;(X) [Vxx b*],. (2.28)

After lengthy butstraightforward algebraic manipulations (outlined in appendix A) the following
expression for & is obtained:

évi(‘x: t) = eipq“kp<X) akbq":“ij(X) bj’ (2'29)
where «;;(X) and p;;(X) are defined by
ay(X) = T,(X) Tpy(X), (2.30a)

and

,“ij(X) = eikl%k(‘x) aj[Y;)l<X)] —(1/p) {eiklajzeiipq +€ﬁcz€j133pq} Tor(X) th(X)- (2.305)
42-2
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After further manipulation the matrices a;;(X) and p;;(X) may be represented in the alternative
form

o;;(X) = 19.10), (2.31a)
#i(X) = = (3;X) -[Vxx (8, X)], (2.310)
where I9(X) = }€;,(0, X) x (0,X). (2.31¢)

Moreover, since J(X) = 1, the vectors I® have the property
0. [1®x 9] = 1, (2.32)

Clearly the representations (2.31) are more readily interpreted than (2.30). Finally, it is shown
in appendix A that a;(X) and p;;(X) are related by the identity

(1/P) aj[p“ij(X)] = eipq/“;uq(X) = VX'l(i)° (2'33)
It follows that the full magnetic induction equation becomes
’ 0bjot = V x (1 x b) — RV x &, (2.34)

where & is defined by (2.29).

So far no assumptions have been made about the velocity field u* (X, ¢). However, attention
is subsequently restricted to velocity fields with the property that a coordinate transformation
X = X(&,t) can be found such that

(i) ay4(X),04[a;(X)] and 9,,0,[a;;(X)] are order 1,

so that approximations based on R > 1 are valid and
(ii) the flow is predominantly azimuthal, specifically

u(x,t) = Ulp, z,1) iy + O(RY).

In this paper azimuthal and meridional refer to the related velocity field u(«, £). Soward (1971 )
has shown that the flows considered by Braginskii (19644, ) are two such examples. In these
two cases the displacement vector X (&, ) — & required to satisfy conditions (i) and (ii) is order
R-%, In general, condition (ii) implies that the instantaneous streamlines are almost coincident
with the loops C(X) provided 0X/0t is small. Moreover, in contrast with Braginskii’s model the
velocity field u* (X, #)need not be nearly axisymmetric. Instead itis the related velocity field u(«, t)
which is required to be predominately axisymmetric and azimuthal, For a velocity field u* (X, f)
which satisfies conditions (i) and (ii), the coordinate transformation X(#,t) is not uniquely
defined. This problem and the related difficulties associated with the boundary conditions
are considered in § 6. It should be noted that, though the Lagrangian description of the flow
(characterized byu(x, ) = 0) is attractive, condition (i) is unlikely to be satisfied aswell. In general
the large velocities will wrap up the coordinate system X (#, ¢) so that the quantities listed in (i) will
become very large. Indeed on the order R time scale (the free decay time) with which the paper
is principally concerned it is to be expected that these quantities would become order R in that
time. This last remark emphasizes the restriction that condition (i) imposes on the velocity field
u*(X,t) as (i) can always be satisfied for a sufficiently short interval of time.

The related velocity and magnetic field vectors u and b are separated into symmetric and

asymmetric parts by defining
u(x,t) = U(p,z,t) + R7'u'(%,1), (2.35a)

b(%,1) = B(p, z,t) + R-1b’ (#, 1), (2.35b)
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where primed quantities and the ¢-average are defined by (1.13), so that U = {u) and B = (b).
Further U and B are separated into their azimuthal and meridional components

U(p, z,t) = U(p, z, ) iy + R1uy(p, 2, t), (2.364a)

B(p,2,t) = Blp,2,t) is+V x [x(p, 2,1) i), (2.365)

o o 10
= (_623 B, ;67)('0)())'

The ordering for u(#, t) as defined by (2.354), (2.364) is a consequence of assumption (ii), while
the choice of ordering for b(, t) will become apparent later. Taking the ¢-average of (2.84) gives

OB/t = VX (Ux B) —RIWx &+ R2Vx{{u'x by — &}, (2.37)
and subtracting this identity from (2.34) gives
ob'jot =Vx[u'x B+ Uxb' +RY(u' xb'—{u' xb'))|-Vx&'. (2.38)
The vectors &, &; and &’ are defined by

[0 = eipq<akp(X)> O By — (s (X)) By, (2.394)
[E1]: = €1pglin(X) O bg) — {pi5(X) b, (2.390)
and & =8—-8,—-R16,, (2.39¢)

where the prime operator extracts the fluctuating part, i.e.

Pr(#,1) = (%, 8) =P (#,0)). (2.40)

The main objective is to solve (2.37), (2.38) for the mean related magnetic field vector B by
an iterative procedure: the first approximation neglects the last terms in (2.37) which result
from the ¢-average of fluctuating quantities. Indeed Braginskif’s (19644, b) equations can be
extracted without considering these terms at all! Clearly B(p, z, ¢) is not related to the magnetic
field in a simple way. However, the part of the magnetic field corresponding to B can easily be
obtained from (1.33) and, if the part corresponding to b’(#,¢), which may be obtained from the
iteration procedure, is also significant, the total field b* (&, ¢) is determined from B+ R-1b’ in
the usual way.

The character of V x &, appearing in (2.37) is now considered in detail. In appendix B is it
shown that

—[Eols = %[(1/p) 4;;0;(px)] + T'y; By, (2.41)
and —[Vx&oly = 0[(1]p) Ay 0;(pB)] + €340, (T's By, (2.42)
where 4;; is the symmetric matrix
) . . Ag(ps z,t) = {ay(X)), (2.43)
and I';; is the symmetric matrix
Lij(os 2,1) = (yi(X)), (2.44)

Vi (X) = %‘€2pq{€2jn Epim + €2in epjm} P aq[( 1 /P) “mn(X)] + %{ﬂi]’ (X) + s (X) }‘ (2'45)

By considering the quadratic form

Yidiyys = {(Tpa(X) 93) (T,5(X) 95)) > 0,
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where y is a non-zero constant vector, it is clear that the matrix 4;; is positive definite. With the
use of (2.41), (2.42) the meridional and azimuthal components of (2 37) give respectively

oy 1 ’
R%+;uM-V(px) = szBf+ai[ i ,(px)] +RYW x by~ &y, (2.46)

and Ra +;ouM~V—lE = R(VHX VPX) + €345 0;( Uy B) +ai[ i J(PB)]
ot p p p p

FRAVR{W x b= 8]y (2.47)

The terms on the left hand side of (2.46), (2.47) are well known and represent the advection
of py and B/p by the meridional velocity ;. The term V(U/p) x Vpy represents the mechanism
for creating azimuthal magnetic field by shearing the meridional magnetic field. However, the
terms involving 4,; and I';; are new.

Braginskii (1964a) prov1ded a simple proof that axisymmetric dynamos are impossible. For
the particular case where the loops C(X) are the circles C(), 4;; becomes d;; and I';; vanishes.
By hypothesis in an axisymmetric model the mean of ﬂuctuatmg quantities in (2. 46), (2.47)
does not appear. Multiplying (2.46) by p%y, (2.47) by B/p? and integrating throughout the
cavity V] (the exterior V, is assumed to be a vacuum), Braginskii showed that the time derivatives of

f (x%/p*) dv and piB%dv
VitVa 71

are negative. The proof depends on forming strictly negative quantities from the diffusion terms.
By a similar argument it is now shown that in the general case the terms containing 4;; ex-
plicitly in (2.46), (2.47) can be regarded as strictly diffusive in the sense that they cannot con-
tribute to the increase of

f x2dv and B2dy,
VitV 7y

provided X(#,#) = & on and near the boundary. The last restriction is to insure that 4;; = &;;

on the boundary. In order to determine the rate of change
f ¥2dv and B%dv,
71 "

(2.46), (2.47) are multiplied by y and B respectively and integrated throughout ¥;. The con-
tribution from the 4,; terms can be expressed in the form

f Ay, (px) asi- f 8,(ox) do, (2.484)

and fA,, J(pB) dS; - f L 4,,0:(0B) 0,(pB) do, (2.480)

where S is the surface bounding the fluid. Since 4;; = d;;and X = & on the boundary the surface
integral involving y can be transformed into an integral throughout the exterior region. Also,
since B = 0 on the boundary, the surface integral involving B vanishes. Hence from (2.48) the
contribution to the rate of change of

f x?dv and f B2dv
V1+V2 Vl
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is respectively —f leij 9;(px) 9;(px) dv < 0. (2.49q)
V17, P

and - f ) %Aﬁ 3:(pB) 3,(pB) dv < 0, (2.490)

where X(#,¢) = & in the exterior region. The integrals are negative since the matrix 4;;
is positive definite. Further 4;; appears in (2.46), (2.47) as an anisotropic diffusivity (dependent
on position) characterizing the diffusion of y and B.

Evidently the terms involving I';; correspond to the a-effect (see (1.10)) introduced in §1.
The correspondence is made explicit by defining

Vx &P =VxJ, (2.50)
where & is the part of &, associated with the matrix I'y;, and
Ji(%,t) = —Ty; B;. (2.51)

The vector J may be regarded as an electric current which is linearly related to the related
magnetic field vector B. (Note that in general V- J % 0, and J % &§.) Though the matrix
corresponding to I';; obtained for homogeneous turbulence by Moffatt (19704) is symmetric
and though a similar remark is true for the spatially periodic dynamos of Childress (1969, 1970)
(with one proviso, see § 1), it seems remarkable to the author that I';; appearing in (2.51) should
be symmetric, especially in view of curvature effects. Most of the components of I';; do not have
a simple interpretation. However, I'y, is strikingly simple. Since y,y(X) = p95(X), it follows
from (2.315) that

1 aX] (2.52)

—Ty(p, 2,8) = §i—p C(X)dX- [Vxx; .
Thus I'y, is a measure of the helicity of the contour C(X) and as in the case of turbulent dynamos
the helicity plays a central role in the present theory. It follows from (2.51) that corresponding
to I',, there is an electric current

Joiy = — D'y, Biy, (2.53)
This current can be given a physical interpretation. The magnetic field corresponding to
b(#,t) = Bi, represents magnetic field alined to the loops C(X). In fact it is the magnetic field
that results after the axisymmetric magnetic field is moved instantaneously from the loops C( )
to C(X). Clearly if the loops have a preferred twist as measured by I',, there is, associated with
the diffusion of the magnetic field, an electric current in the azimuthal direction equal to — I',, B.
This electric current may be significant in regenerating meridional magnetic field. As mentioned
in §1, this mechanism is fundamental in turbulent dynamo models, especially azw-dynamos.
Thus the compact representation for I'y, given by (2.52), measuring the twist of the loops C(X),
is truly significant. Finally it is shown in appendix C that RI',, is the same as the I' introduced by
Braginskii (19644, b) for the special case where X(«,{) — & is order R—%,

It should be emphasized at this stage that the averaged equations (2.46), (2.47) are consistency
conditions (in the sense of §1) resulting from integration around the loops C(X). Though the
loops are not necessarily streamlines the component of velocity normal to the loops is order R~
provided 0X/0t is small. Thus advective effects resulting from this component of velocity are of the
same order of magnitude as the diffusive effects. Consequently, instead of obtaining almost trivial
equations such as (1.19) (incidently (1.19) is a special case of (2.46)), consistency conditions lead
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to equations almost as elaborate as the initial equations (1.35), (1.36). However, the averaged
equations are dependent on one less space coordinate. This simplicity leads to practical
advantages and makes the mechanisms involved conceptually easier to understand.

3. a>-DyNnAMOS

In this section the possibility of dynamo models sustained by the electric current J(#, ) given
by (2.51) is considered. In order to isolate this mechanism it will be supposed that

w =0, V(Ulp) =0, (3.1)

and that quantities vary on a (slow) time scale order R. There is no reason to suppose that solu-
tions do not exist with R—1b'(«,¢), as defined by (2.354), order 1. However, if this is the case
(2.38) gives

b'(,8) = b'(p, = (Ulp) 1, 2), (3.2)
as the first approximation of the fluctuating magnetic field. This possibility is not considered
further: in any case it violates the assumption that quantities vary on a slow time scale. Thus
the mean part of the related magnetic field (assuming the ordering given by (2.35), (2.36)) is
determined from the equations

1
R%’f+ uyV(px) = I‘g,-B,-+a,.L—)A¢.,.a,.(px)]+0(R—1), (3.30)

B B
Rat pus V5 = €0 (T B) +0, [

x Ay2y(pB) |+ O(R, (3.30)

while the order R~ fluctuating field may be determined subsequently from (2.38). This model
relies solely on the a-effect J; = —I'y; B; for its maintenance and so is called an a?-dynamo
(see §1).

A curious feature of (3.3) is that to lowest order the equations are independent of the magnitude
of the velocity. However, they do depend on the direction of the velocity via the coefficients I';;
and 4;;. Thus dynamos of this type are insensitive to the value of the related velocity U(p, z,t) iy
provided the large magnetic Reynolds number approximation is justified. In spite of the fact
that U/p constant describes a solid body rotation, it must be emphasized that this refers to the
related velocity and not the real fluid motion. On the other hand, it does imply that no azimuthal
magnetic field is created by shearing the meridional magnetic field. The generation mechanism
may be given a somewhat similar interpretation to that given for the generation mechanism
I'y, B in the previous section. It is evident from the definition of the related magnetic field that
to lowest order the ‘frozen’ field approximation has been made. The magnetic field is distorted
owing to the character of the loops C(X): the subsequent diffusion of this field may be capable
of regenerating itself (as measured by the a-effect I';; B;). It is conceptually difficult to envisage
how an effect, which appears to rely principally on diffusion is capable of self-excitation. Of
course the large velocities are essential to the mechanism since the field must be convected into
a configuration which is capable of dynamo action. This idea is similar to Parker’s (1955),
where I'y, B is interpreted as twisting the azimuthal field and subsequently allowing it to diffuse.

In order to determine whether dynamos exist satisfying (3.3) an explicit form of the transforma-
tion X = X(«,¢) should be taken. The coefficients I';; and 4;; may then be determined. This
procedure is very awkward. Instead it is assumed that the matrices I';; and 4;; are independent
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of position and time. It is possible that no transformations exist (except the trivial one X = x)
which satisfy these conditions. However, even if this is the case it is hoped that the simplified
model will give insight into the mechanisms involved and lead to a qualitative interpretation
of (3.3). These approximations are similar to those that have been made for turbulent dynamo
models (see § 1), though the motivation is different.
Two further approximations are made. First the cylindrical geometry is approximated by
plane geometry by setting
X=p=po Y=pof (3.4)

and taking the limit p, — co. Secondly, the flow is supposed unbounded so that no boundary
conditions need be applied. Instead solutions are sought periodic in the space coordinates x
and z. Thus a continuous, rather than a discrete, spectrum is obtained. In view of the severe
assumptions made in setting I';; and 4,; constant, there is little point in making improvements
to these last two approximations. Finally for simplicity it is supposed that

uM = 0. (3.5)

On the basis of the foregoing assumptions and approximations, (3.3) becomes

ROBJot = 4,;0,0; B—V x J, (3.6)

where Jy=-TyB; and V:-B =0. (3.7)
A solution of (3.6), (3.7) is sought proportional to

exp (nt/R —ik- ), (3.8)

where k = (ky,0,kj). (3.9)

Direct substitution leads to the algebraic equations

paa
3.10
/C,L'B,,: = O.J ( )

This pair of equations has a non trivial solution provided
D}ik; = 0, (3.11)

where D};is the matrix of cofactors of D;;, namely D}; = Le
of D;; given by (3.10), (3.11) becomes

im €ipg Dip Dng- After direct substitution

{(n+k,d,.k)2—k, Tk} by =0, (3.12)

where I'}; is the matrix of cofactors of I';;. It is important to note that the symmetry of I';; has
been used explicitly in the determination of (3.12). Provided that k is a non-zero vector, the
dispersion relation

n = —kdyk; + {k; T}k, (3.13)
follows immediately.

Dispersion relations of this type are not new (cf. Childress 1970, eqn (4.11); Moffatt 19704,
eqn (6.4)). However, two features distinguish it from earlier work. First, the diffusion coefficient
Ay; is anisotropic—note that k;4,;;k; > 0. Secondly the vector k is restricted to lie in meridional
planes (see (3.9)). Now by rotating and stretching the coordinates the matrix 4;; can be made
isotropic (proportional to d;;) and I'}; can be diagonalized. However, in view of the second re-
striction little advantage is gained by making the transformation.

43 Vol. 272. A,
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Clearly dynamo action (Ren > 0) is only possible if one root of (k;I'};%;)* is strictly positive
(real). Moreover, this quantity must be larger than k;4;k;. This is always possible if |k| is
sufficiently small. An order of magnitude estimate indicates that, if the fluid is contained by
boundaries (the dimensions of the cavity being order 1), |k| must be at least order 1. Hence for
the particular problem considered here (unbounded), a necessary and sufficient condition for
dynamo action is that one eigenvalue of the 2 x 2 matrix I'}; (¢ + 2, j # 2) is greater than zero.
However, for a bounded fluid this condition is necessary but not sufficient. Thus for the problem
of fluid bounded in a spherical cavity the displacement vector X(#,?) — & must be order 1.

Otherwise, if | X (%, ) — ®| < 1, then
|[4i; =05 <1, [T < 1, (3.14)

and in view of the above arguments dynamo action is unlikely.

The value of n takes on a different character depending on whether (@) I'}; is negative definite,
(b) T; has one positive and one negative eigenvalue, (¢) I'}; is positive definite (i & 2, j # 2).
In case (a) {k;T};k;}* is pure imaginary and the decay rate Ren = —k,4,;;k; is unaltered by the
o-effect. In case (¢) one mode always decays and one mode always grows if |k| is sufficiently
small. Case (b) displays either the features of case (a) or case (¢) depending on the direction of k.

The two eigenvalues A® (¢ = 1, 2) may be determined explicitly in the form
2008 = — (35 + I'fy) + Ty + Tag) + {(I85+ ') + D[ (T'gg — I'yy)® + 41'%;]
+ 20 (P35 —I'yy) (T — 1) — 405 gy Tp] 2. (3.15)
Evidently if 'y, = 0, then AV =0, A® =—(I'%,+TI%), (3.16)

so that dynamo action is impossible. Indeed the decay time is unaltered by the a-effect. This
simple result emphasizes the important role played by the helicity I'y, (see (2.52)) in maintaining
the dynamo. Evidently when I'y, = 0, (3.34) indicates that there is no mechanism for creating
meridional field from azimuthal field. It seems likely that the coupling of equations (3.34)
and (3.3b) is essential to the dynamo mechanism. The reason for this remark is made more
apparent by writing (3.34) in the form

0
R 4200 9 (on) = PB4, |5 450,000, (3.17)

where the velocity u§} is defined by

u%vm) = Uy T + 621,] F2y" (3 18)
In general V-u{P + 0, but provided that X = & on and near the boundary § of the cavity, so
that I';;— 0 on S, it follows that the velocity component of u{}’ normal to the boundary vanishes
also. Consequently ul§f) describes a compressible flow contained in the cavity without sources or
sinks. Thus in the absence of Ty, it is likely that u§} will redistribute the meridional magnetic
field but not sustain it against ohmic decay.

For the case in which I'yg = I';, = 0, the eigenvalues given by (3.15) are

AL = %‘Pzz{(rn + Dyy) £ [(Tyg — Ty) %+ 4T%] i} (3.19)
Thus at least one eigenvalue is positive if either
Ppel'yy > 0, Tyl >0, or I'fy> I'yy Iy (3.20)

For the general case a sufficient condition for a positive eigenvalue is that
Pop(l'yy + Tg) > T+ T, (3.21)
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This statement suggests that I'y; and I';, may inhibit dynamo action (see also (4.22)).

The conclusions that have been drawn from this simple model should be interpreted loosely
owing to the strong assumptions concerning I';; and A4;;. However, the analysis does indicate the
importance of various components of the matrix I';; and clearly demonstrates the possibility of
dynamo action.

Finally some symmetry properties of the model for the spherical cavity are considered. If it

is supposed that Xi(p, 6,2,1) = o(i) Xilp, 6, —2,1), (3.22)
where o(l)=0(2) =1, o(3) =-—1, (3.23)
then it follows from the definitions of 4;; and I';; that

Ay, 58) = 0 (i) o) dyp, -2, 1), (3.240)
and Ty(py2,) = — (i) o) Ty o, — 2,). (3.240)

Hence a solution of (3.3) can be sought in the form
B(IO’ Z, t) == B(p, —2Z, t);[
X(p’ 2, t) = X(P> —2Z, t)' J
Moreover, formally defining the parameters A®:2 by (3.15) it is clear that
ABA(p oz 1) = AL (p, — 2z, 1), (3.26)

Hence, if A® > 0 (¢ = 1 or 2) is regarded as a necessary local condition for generation, it is likely

(3.25)

in view of the symmetry condition (3.26), that dynamo action may be possible, i.e. the effect of
generation is mirror symmetric about the equatorial plane. There is nothing profound in this
statement as it is also implied by (3.25). However, the reflexional properties of 4,;, I';; and A®2
are of some interest.

4, aw-DyNaMoOs

In the previous section it was shown how the electric current J(,t) was likely to be able to
sustain dynamo action. The effect of shearing the magnetic field lines was ignored. In a geo-
magnetic or stellar dynamo it is more likely that this effect is the principal mechanism for creating
azimuthal magnetic field from the meridional magnetic field. It is manifest in the present model
by supposing U and V(U/p) to be order 1 quantities, However, if both V(U/p) and I'y; are order 1,
the magnetic field will vary on the order 1 time scale. This paper is primarily concerned with
variations on the (slow) diffusion time scale order R. Hence it is supposed that I'y, is order R~!
(or possibly the time average (see §5)) so that the ordering is not violated. Clearly the model
considered in this section is the extreme opposite of that considered in § 3. It will become apparent
that in general aw-dynamos, varying on the order R time scale, are possible provided

o V(Ulp)| = O(R). (4.1)
Equations governing the magnetic field are obtained on the assumption that
Ty = O(R-Y), U= 0(1), V(Ulp) = 0(1), (4.2)

and that quantities vary on the order R time scale. It is apparent from the scaling that a dynamo
model is likely with B order 1 and y order R, The notation is kept simple by setting

X = R_IX*> 1
by = V x (x*i,),]
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and subsequently dropping the star. It follows that correct to lowest order (2.46), (2.47) become

a !’
R a’; > i Vipx) = RP22B+8¢[ i ,(px)] + U x by —[E4]y, (4.4a)
and R+ 0V (”ﬁf ’ §) = (Vg x VPX) +0; F Ay a,-(pB)] +0(RY), (4.45)
at P P é P
where u{f) are defined by (8.18). For future reference the vector
F =F2z (Z=13) (45)

is introduced, where 4§ = ty + Ty x iy, Before (4.4) can be regarded as a deterministic pair
of equations the averages (¢’ x b"), and [&,], must be obtained. An expression for b’ is de-
termined from (2.38) which to lowest order is

0=Vx{uxBig+Uiyx b —&}+0(R), (4.6)
where, from (2.39), [E7]; = €1pa%ip(X) 0 B — pin(X) B+ O(R™Y). (4.7)

Evaluating the curls in (4.6), integrating with respect to ¢ and making use of the identity (2.33)
leads to

/ , 1
bi = =g %s(X) Al B) + i, | S0 0u(0B) | + e 0y (04(X) B) +5895(X) B

sl (9) - ) -Gsemeon

, U
— L euna®al04(%) B) ~5,0,54(X) B| 2, (p)}+0<R—1>, (48)
where Vi(X) = 724(X) — $604 0[5 (X)], (4.9)
and the A operator is defined by
W'fop =y and (') =0. (4.10)
Evaluation of (1" x b"), is now straightforward and gives
’ ’ 1 ’
W' x b7y = — oy 5 i{tin(X) (1) (P B) — 61pg 0 (9a(X) pB) - (4.11)
The reduction of [&], is more complicated. Using (2.390) and (2.45), [&], is expressed in
the fc
e (6115 = Capq et X) b3 = C5(X) ). (4.12)

The two terms on the right-hand side are evaluated separately and lead to
a0ty (X) 13 = = | <y (X) 1 G|+ 2o | 3y (1) 2100 | B
=0 umana (X)X pB1 ), (4.13)
and 04X By = GY) )y G+ i[5 (5) - (2]
+eximnn 73(X) 0| X 00B) | )
e 505 GOAX L) B | + 50400 94X, B

—20, [10040 240024 (5) 3| - 10 243002 (5) 0,8). (419
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Collecting together the terms (4.10) to (4.14) gives an expression for the mean of the fluctuating
terms in (4.4), namely

W' x b'yy—[E,); = QB—1P-VB—}V-(PB) +0(R™Y), (4.15)

whete  Q(p, 1) = eusp | 5 (X)) |+ 5 GEH(X) = g RLPUBEND,  (4.160)

P(p,z,t) = PO+ PO, (4.160)
and PP (p,2,t) = —63p0p O [ (1/pU) {0t (X) 04 (X)) + 8, 85 p*05(X) D3(X))}],  (4.16¢)
PP(p,2,1) = 26,4 €3jn (P U) [0ti5(X) + peai; 95(X)] 8, (9(X))). (4.16d)

The meridional componerits of P® may also be expressed in the form
PY = o2V x ([y|Uldy), (4.17a)
where U(0,2,8) = Reupgaigp=s(X) arpy (X)) + (03(X) 94(X)). (4.175)

Hence correct to lowest order (4.4) becomes

RaX .V (py) = PB+[P><(V><B:¢)]¢+6[ 4,,0,(p )]+0(R—1), (4.180)

/]

and Raa’f+pv ( g) (V%]xv/ox) +0, { A,,a](p3>]+0(12—1), (4.185)
¢

where I' = RTyy + Q — 1p%V- 1 P®). Hence (4.18) forms a closed pair of coupled equations
22 2P P2 p p q

characterized by the quantities Ty, RI';0+ @, P and A4;.

The various terms in (4.18) are readily interpreted. Evidently (4.18) is coupled to the
meridional field only by the term (VU/p x Vpy), so that shearing is the only mechanism which
creates azimuthal magnetic field from the meridional magnetic field. The a-effect is different
from that considered in § 3: the terms I}, I';5, I'y3 are neglected and the coefficient of B in (4.18a)
contains some new terms. The term [P x (V x Biy)]y in (4.184a) corresponds to the (@) x {j>-
effect discussed in § 1. An alternative interpretation can be given to the part corresponding to
PO, Evidently it follows that

[P x (Vx Biy)]y = [V(otr|U) x V(pB)],, (4.19)

which is analogous to the shearing effect (VU/p x Vpy),. Thus this term may be regarded as
a source of meridional magnetic field created by shearing the azimuthal magnetic field ! Finally
it will be shown in § 6 that, by a suitable choice of the transformation X = X(#,¢), 4’ may be
made order R~*. Hence without loss of generality it is supposed that

Q = O(R). (4.20)

and so is neglected subsequently.

As in § 3 a complete treatment of (4.18) is likely to be a formidable undertaking. Instead the
approach used there is adopted again in order to help determine the significance of the various
new terms in (4.18). It is supposed that

uy =0, pVUlp = (= constant), (4.21)
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and that 'y, RT,,, P and 4;; are independent of position and time. In the planar geometry
described by (3.4) solutions are sought proportional to exp (nf/R —ik-&) where k is given by
(3.9). Making these substitutions in (4.18) leads to the pair of algebraic equations

{n+k; Ak +i(Ty x k), } x = {RTyy +i(P-k)} B, (4.22q)
{n+k;Ayk;—i(Ty x k), } B=—i(oxk),y, (4.220)

and hence the dispersion relation
n=—kidk;+{— (0 xi,) k(P-k)— Ty x k)2 +iRTy (o x i,) -k}, (4.23)

is easily obtained. As in § 3, provided one of the square roots has a positive real part, dynamo
action is possible for k sufficiently small.

Various cases may be considered. Case (¢) P = I'y; = 0; dynamo action is always possible.
Case (b) Ty = RI'y, = 0; dynamo action is always possible provided @ xi, and P are not
parallel. Case (¢) @ P = RI'yy» = 0; dynamo action is impossible. As in § 3 it appears that T'y
may hinder dynamo action. Interpreting —i, x I'y as a meridional velocity u{}’ advecting y,
it appears in (4.225) as a meridional velocity u{;’ advecting B. Thus instead of just advecting
the magnetic field, the meridional and azimuthal components of the magnetic field are advected
in opposite directions which may be unfavourable for dynamo action. Case (b) suggests that
the combination of the (@) x {(j) and the @m-effect are capable of maintaining dynamos even
in the absence of the a-effect. Indeed turbulent dynamo models of this type have been considered
by Radler (19684, b, 19694, b, 1970).

For the special case where the displacement vector is order R—#:

R-g(R, 0,t) = X(%,1) — % = O(R™}) ({g) = O(RY)), (4.24)
it follows that

RTy = 0(1), Ty=O(R™), P=0(R") and A;-—o;=0R").  (4.25)

Thus (4.18) reduces to the equations obtained by Braginskii (1964¢): an exact correspondence
is madein appendix D. The properties of the resulting equations have been examined extensively
(see Braginskii 19640, ¢)). Braginskii (19646) made an analysis similar to that leading to the
dispersion relation (4.23). However, the displacement vector g was given and the influence of
boundaries considered. Thus a discrete spectrum was obtained and dynamo action is possible
provided the generation coeflicient is sufficiently large.

Care must be taken in distinguishing helicity, as measured by I'y,, and knottedness of the
magnetic field lines, as measured by

K=| b*y*dX,
Vi

where b* = Vyx y* (see Moffatt 1969). For simplicity it is supposed that the fluid is surrounded
by a perfect conductor and hence the normal component of the magnetic field vanishes on the
boundary. For this case Woltjer (1958) has shown that K is conserved in a perfectly conducting
fluid. However, in the presence of magnetic diffusion the modified result is

R%I;::—_sz*.vxx b*d3X=—2fb-é"d3x. (4.26)

If the magnetic field is alined to the loops C(X) (b = Bi,) the term on the right of (4.26) becomes

f b-& dox = 2 f Ty, By dpdz. (4.27)


http://rsta.royalsocietypublishing.org/

 \
A

L

J

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

2 ¥

A
[ |
P 9

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

LARGE MAGNETIC REYNOLDS NUMBER DYNAMOS 453

In general (4.26) and (4.27) imply that K is non-zero contrary to the hypothesis that the magnetic
field lines are not knotted, K = 0. When b = Bi,+ O(R™"), as assumed throughout this section,
the knottedness K is order R~ and this is consistent with (4.26) provided Iy, is order R~ also.
Since non-zero I'y, is an essential ingredient of the Braginskii dynamo it must be emphasized
that the topology of the loops C(X) does not imply that I'y, = 0. Indeed an explicit example of
a flow with non-zero Iy, is provided by Braginskii (1964¢). It is interesting to compare the above
remarks with the small magnetic Reynolds number dynamo considered by Moffatt (19704) for
which knottedness is essential for a non-zero a-eflect in pseudo-isotropic turbulence.

5. THE HYDROMAGNETIC DYNAMO

In the previous sections the kinematic dynamo theory has been developed on the assumption
that there is only one length scale and one time scale (the free decay time). In the context of the
Earth’s dynamo Braginskii (1967) has emphasized the possible importance of mac-waves, so
called since a significant role is played by the magnetic, buoyancy (Archimedean), and Coriolis
forces. These waves fluctuate on a time scale which is short compared to the free decay time.
Some of the difficulties that arise in the dynamo theory involving such waves can only be
appreciated by studying the magnetic induction equation in conjunction with the equation of
motion. Consequently the hydromagnetic dynamo problem will now be considered.

In dimensionless form the equation of motion is

Ry{0u* 3t + (Vi x *) x u*} +4, x u* = — Vy p* +j* x b* + F*, (5.1)

(see Tough & Roberts 1968) where R, = v*/20L is the Rossby number, 21, is the rotation vector,
and F* is the body force. The scaling of the dimensionless magnetic field and body force in (5.1)
has been chosen so that the Lorenz and body forces are comparable with the Coriolis force.
Viscous forces are likely to be negligible except in boundary layers and so have been omitted
from the present considerations. Braginskii (1967) supposed that a significant contribution to F'*
is provided by density variations (within the framework of the Boussinesq approximation). This

part of the force F¥ (say) is given by
P4 = 0%g, (5.2)

where g is the acceleration due to gravity and 0* is proportional to the excess density. If it is
supposed that the variation in density is caused by the temperature then, in the absence of heat
sources, 0* satisfies the heat conduction equation

o0* kpo

=T +u*-Vy0* = (7) V0%, (5.3)
where £ is the thermal diffusivity. After making the transformation (1.20), equations (5.1) to
(5.3) become

RO{%%+(V><G)xu}+C=—VP—I—(VxH)xb+F, (5.4)%
a0 kuo\ 1
5 Tu Vo= (—%—);a@-[paﬁ(X) 0;0], (5.5)

1 Equation (5.4) has some similarity with the material form of the equation of motion in a Lagrangian frame-
work (see, for example, Serrin 1959, eqn (6.10) and §29). The ith component of (5.4) is obtained after contraction
of the jth component of (5.1) with a;;(%).
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where Gy (%,8) = a,,,(X) (X, 1),
P(x,t) = P*(X,t) —Ry(0X/[ot) - u* (X, 1),
C(x) t) = m3lcamz(X uk(Xt (5.6)
H;(%,1) = a,,(X) b3(X, 1),
Fy(%,1) = a,,(X) F(X, 1),
0(n,1) = 0%(X,1),
and FAz‘(x: t) = e(xa t) amz‘( )gm(X) (5'7)

Since there is no reason to suppose that VU/p is small, the scaling adopted for the magnetic
field is the same as in the previous section (see (4.3)). Thus neglecting the inertia terms (R, = 0),
and supposing the displacement X — & is order R~# it is clear that the ¢-average of (5.4) gives

E-.)E?;(U'—B%) = — (Vx(F));+O0(RY), (5.84)
Ra%{‘lé<Xx';‘%§ } tu, = 1(bM-V) pB+R(F,y+O(RY), (5.80)
where (F, ¢> 271:'0 . F*.dX. (5.9)

Indeed the error terms are order R, if (X — &) is order R, The equations (5.8) are in agree-
ment with those determined by Tough & Roberts (1968) where 1y and by are replaced by
effective variables. The representation for (¥, is new. Its striking simplicity (cf. Tough &
Roberts 1968, eqn (46) and Soward 19714, eqn (21)) is comparable to the expression (2.52)
for I'y,. Now the ¢-component of the Coriolis force can be represented in the alternative form

10X , 0 d1 13y
Rela(X 555} = R vals(rom) ) (5.10)
where R4y = X —&. Thus provided R(Fy) is order 1, 9(z,,»/dtis necessarily order R—%. Moreover,
assuming kuo is order 1 it follows that 0 is predominantly axisymmetric, we have

0(,1) = Oy(p, 2,1) + O(R) (5.11)

(provided that 6, varies on the slow time scale) or that 6* (X, ¢) is approximately constant on the
loops C(X). Since the gravitational force is conservative (Vy x g = 0) it follows from (5.9) that
(F 44y is order R~ This result is compatible with the scaling that has been adopted for the body
forces in (5.8).

A perturbation procedure is now outlined for considering mac-waves. As before the inertia
terms are neglected (R, = 0). This approximation is equivalent to the neglect of the inertial
waves. These waves have a short time scale order R, and are unlikely to be relevant in the present
dynamo model. However, they may provide a mechanism for dynamo maintenance in the
multiple length scale models (sec Moffatt 19706). It is supposed that the body force is due only
to buoyancy (F* = F¥) and that in the lowest order approximations the flow and magnetic
field are axisymmetric and azimuthal (u = Uiy, b = Biy). Thus the curl of (5.4) gives

(57 o) (01 =8 T (X)2; (5} = g LT X ) = 0up (7 x H)- V5 + (VX F)

(5.12)
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Setting R—in = X(#,t) — & it follows that

T5(X) = [i,— R~20yfoz+ O(RT)],, (5.134)

H(x,t) = Bliy+ R (1)p) {On/0p +i,x 5+ V(p7,)} + O(RT)], (5.130)

Fo(%,0) = 0g+ RV (0n-) — (- VO) —p x (V x 08)} + O(RY), (5.13¢)

and Vg = O(R). (5.14)

The expression for F  is readily derived from the identity

FAz’ = e[gz +R_%{aim(g) 77m+gmamz(’l)}+ O(R—l)]'

The first approximation of (5.12) just gives (5.84). The seccond approximation gives the linearized
wave equation for the displacement vector # which must be solved subject to the condition that
the normal component of 5 vanishes on the boundary. The order R~# term involving (V x 0g)
in (5.13¢) may be expressed in terms of U and B by using the first approximation of (5.12).
Thus it can be shown that the wave equation given here corresponds to Braginskii (1967)
equation (2.14).

Solutions of (5.12) may be sought in the form

n = Z ’Iw,m(pa Z) ei(a)t—m¢)+ E ”Z’:m(pa Z) e-—i(wt—mqﬁ)’ (5-15)
w,m w, m

where here the star denotes the complex conjugate and m is an integer. For clarity the dependence
of 5 on the slow time scale has been suppressed in (5.15). Evidently solutions may exist with @
complex corresponding to an exponential growth of . However, it will be assumed that con-
ditions are such that the waves are stable (v real). It is further assumed that given w and m
that g, ,, is defined uniquely except for a constant of proportionality.

The question may be posed: will waves of the type (5.15) help to sustain a dynamo? Evidently
the analysis of the previous section must be extended to cope with the fast (order 1) time scale
on which these waves fluctuate. Since the temporal development of B and ) on the slow (order R)
time scale is the principal interest, a time average of (4.4) is taken. The time average of a quantity
fis denoted by (f)!. The precise definition of the averaging operation need not be specified.
Though of course {f)! must vary on the slow time scale. Finally for the present analysis it is
unnecessary to impose the restriction {g) = O(R-1) on the displacement vector. Instead it is

required that ()t = O(R). (5.16)

Hence axisymmetric oscillations are not excluded from the analysis. Since RT,, is order 1, it
follows immediately from (4.4) that y — (y)' and B — (B)! are order R~1. Hence the time average
of (4.4) gives

RGO+ ) (o)) = R (B + (Vo= 2} i+ O, (5170

<_B_>*) -

RO By ¥ (2 -{V(i‘—ff)><V<p<x>f>}¢+(vz72)<B>t+0<R—1>. (5.170)

The generation term may now be determined from (5.15) and (C 11) where the double average

of eit-m9) ig defined by (1 if o=0m= 0,)

(elb=md) ) = | (5.18)

lO otherwise.

44 Vol. 272. A.
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456 A. M. SOWARD
However, it may be shown from (5.13) and (5.14) that #, ,,(p, z) can be expressed in the form

’Iw,m(p> Z) = %e_iaw’ ’”{77;, mips T 177:», m: g 77:», ms z}> (5'19)

where the primed quantities are real functions of p and z. Hence (5.15) may be expressed in
the form

n= 2 {”;,m:p COs (wt_ m¢ - “w,m)’ n;,m:gzi sin (wt_ m¢ - aw,m)a ﬂ;,m:zcos (wt - m¢ - O(’w,m)} (5'20)
It follows immediately that R(Typ)t = 0. (5.21)

This difficulty was appreciated by Braginskii (19645) in his original paper concerning dynamo
action on the fast time scale. It is likely that solutions of (5.12) exist such that R{I'y,)* is non-
zero, but these solutions will not satisfy the boundary conditions. The situation is similar to that
considered by Moffatt (1970b) for random inertial waves. Moffatt notes that non-zero helicity
requires a net energy flux (positive or negative) in the direction of the rotation vector. Clearly,
for the problem considered here, there can be no net energy flux as there are no sources or sinks
for the energy. Boundary-layer dissipation may contribute to a net energy flux but this will
clearly only give rise to a small R(T',;). Alternatively, the displacement vector may be larger
than order R—#, If the displacement vector is order R4, (5.17) is still valid with the error terms
now order R—%. However, (5.12) must be considered up to the third approximation. It is likely
that the distortion of the waves by nonlinear interaction is sufficient to provide order 1 generation,
ie. R(Ty)t = O(1).

The equations (5.17) are evidently more general in their applicability than those proposed
by Braginskii (19646). First, Braginskii’s analysis requires that g is represented by the sum of
waves and oscillations. Though this decomposition is clearly correct ifa well-ordered wave motion
is considered, the present analysis is not restricted by such considerations. The difference is due
to the fact that Braginskii was obliged to solve the induction equation to obtain the fluctuating
magnetic field before the generation term appeared from the analysis. Secondly, the equations
(5.17) are valid for any small displacement and are not restricted by the requirement that the
displacement is order R—%. However, if the displacement is order ¢(1 > ¢ > R-%) then the error
terms in (5.17) are order €2 and not order R-1,

6. THE COORDINATE TRANSFORMATION
The coordinate transformation X(«,¢) is not uniquely defined for two reasons. First, given
a set of loops C(X) any new transformation

XN = X(Xo(%),1), (6.1)

where X, () is a coordinate transformation mapping the circles p = const., z = const. into the
circles p, = const., z, = const. (of course it must also satisfy the requirements of the transformation
X(#,1)), describes the same set of loops C(X). Secondly, owing to the restriction (ii) in § 2 (b)
the position of the loops in space is only uniquely defined to lowest order. Specifically, given a
transformation X (#,¢) then constraint (ii) is still satisfied by the new transformation

XM = X(%,¢) +Rg*(X, 1), (6.2)

since the small change only effects the order R~ part of the related velocity.
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For models such as those proposed by Braginskii (19644, &) where the deviation of the loops
C(X) from circles is small, the first difficulty is not serious. Evidently it is natural to set

X(#%,t) = x+en(x,t) (e<1). (6.3)

The explicit choice of # is resolved by considerations similar to those leading to a choice of #*
n (6.2). For a finite amplitude displacement the best choice of the transformation is not clear.
It would seem natural to identify a loop C(X) with a circle which is located at p = const.,
z = const. where (p, z) is the mean position (in some sense) of the meridional components of X.

Consider the mapping
(0, 2) > ((T(X) X, <T1(X) Xpp). (6.4)

(1/p) 0dp{L(X) X} = 3, (6.5)

the mapping preserves volume. Moreover, for the trivial case where the transformation X(, f)
maps circles into circles, the choice X = & maps (p, z) intoitself by (6.4). These two considerations
suggest that a suitable averaging criterion would be to require that the mapping (6.4) is the
identity transformation. The author has been unable to determine whether this criterion can be
satisfied in general. Clearly the transformation does not have to satisfy such a criterion: the
actual choice is directed by expediency.

In order to determine the effect of small variations in the shape of the loops C(X) the related
velocity u™(x, t) is determined for the new transformation (6.2) in terms of the original related
velocity u(,t). From (1.34) the velocity at X is given by
oX@

) b X (5,0 (6.6)
i

Since (2.15) gives

(X, =

Hence by expanding in a Taylor series at X the velocity at X is
u*(X,t) = u* (XN, t) — R-p* - Vyau* (XM, 1) + O(R-2). (6.7)
Now since the difference u™(«, t) —u(,t) is order R~ it follows from (1.34) and (6.7) that
Ragy(X) (u” =) +[ (@07 [00) s + @y (0*) wn] = [9* - Vxuu* (X, 0)]; = O(RT).  (6.8)

Contracting with 7;;(X) and making use of the basic identities in § 2 (@) gives

U5, 1) = u(%,1) — ROn/ot—V x (0 x )} + O(R-2), (6.9)
where 77: (X, t) = aim(X) nm(x: t): (6'10)
and Ve = O(RY). (6.11)

The divergence of # vanishes to lowest order as a result of the condition J(X™) = 1. Since
u(#,t) is predominantly azimuthal it is more convenient to express (6.9) in the form

i = Usyy+ R [uMi +uf— {%’1@% 2% —8,p(1V) %}] +O(R-). (6.12)

For the slow time scale it is clear that, if # is defined by
the related velocity ™ is 7= (IO E= 0 BiptilplU) + O, (13
uM(x,t) = U(p, z,t) iy + Ruy(p, z,t) + O(R2). (6.14)

44-2
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Consequently, corresponding to the new transformation the fluctuating related velocity appears
only at order R~2

Examination of the mean equations (3.3) and (4.18) shows that they are insensitive to any
order R~! displacement of the loops C(X). This result is trivial except for the coeflicient Ry, + @
appearing in (4.184). The invariance is established (on the slow time scale) by showing that

RIY) = RI'y+ Q + O(R™Y), (6.15)

where ')’ is evaluated for the transformation X™(#, t) defined by (6.2) and (6.13). Noting

the identities
10X 1og* 10X
1 =_<—_'V X{_————_ *.V (__)}>’
LT TNpdg Y o T \pag

=~ Ceatule(X) 2,1+ 50 2y + (X)),  (6.160)
e (2

= (oury @ (X) 01, )+ X))+ (G4 my ), (6.160)
)

= (@(X)}n, (6.160)

obtained with the help of (2.815), it follows that

10 {0
RI‘<N>=—R36——— X+ R-1p* -{V e XL (X 4 Rl }d ,
22 ,Oa¢( iq ) X+R-1n pa¢( n ) ¢

= Rl + (I + I, + I3) + O(R71). (6.17)
Moreoever, by using (6.13) it can be shown that
Q=15L+1+1I, (6.18)

and hence (6.15) is established. In view of these remarks the scalar RI',, + @ should be regarded
as a single quantity: the independent values of RT'y, and @ are unimportant.

One final consideration should be given to the choice of the transformation X(«,¢), namely
the boundary conditions. The earlier analysis suggests that boundary conditions may be applied
without much difficulty if X(#,¢) = & on and near the boundary. If the mean equations (8.3)
and (4.17) are valid up to the boundary, as is the case if the azimuthal velocity remains large,
then the boundary conditions become B = 0 and y is continuous where in the exterior region
X(p,2,1) iy is the magnetic vector potential. On the other hand, only the normal component of
the fluctuating magnetic field is continuous: the tangential component adjusts in a boundary
layer of thickness order R—! (cf. Braginskii 19644, §4).

7. DiscussioN

The principal achievement of this paper has been the determination of equations (3.3) and
(4.18). It is unfortunate that evaluation of the coefficients, which characterize the equations,
is so difficult. However, their form and the elementary arguments of §§ 3 and 4 do suggest that
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the equations govern dynamo models. It seems likely that the analysis may be relevant to the
Earth’s dynamo; especially the treatment of aw-dynamos in §4. In any case the analysis gives
insight into possible dynamo mechanisms that may be important for large magnetic Reynolds
number flows. The necessity of the product I'y,|VU/p| being order R~! emphasizes the im-
portance of considering both the equation of motion and the magnetic induction equation
simultaneously. Evidently if the criterion is violated the magnetic field may grow very rapidly.
However, the increased magnetic field strength inhibits the fluid motion and consequently
the magnitude of the generation mechanism is decreased.

Finally though Braginskii’s (1964, ) dynamo equations have been obtained here as a special
case, the importance of the new derivation and the more extensive applicability should not
be overlooked. Indeed this last consideration provided the original motivation for the analysis.

The author wishes to thank Professor S. Childress for introducing him to the subject, Professor
P. H. Roberts for many useful discussions during the course of this study and Dr K. H. Moffatt
for some helpful comments on the first draft of the paper.

The work reported here was initiated during the tenure of a Post-Doctoral Visiting Member-
ship awarded by the Courant Institute of Mathematical Sciences, New York University, New
York. Most of the work was accomplished during the tenure of a Visiting Fellowship awarded
by the Cooperative Institute for Research in Environmental Sciences, University of Colorado,
Boulder, Colorado.

APPENDIX A
The identity (2.33), namely

(1/p) Ofpac; (X)} = €1pgftpg(X)s (A1)
is established and the expression for & (2.29), namely
Ei(%,1) = €4 % (X) 0 bg — p15(X) by (A2)

is derived from the definition (2.28).
Contracting ,,(X) (defined by (2.305)) with ¢;,, gives

ez‘pq//’pq<X) = Tm'(X) aj[Tm'(X)] - Tm‘<X) ay‘[Tm'(X)]
= (1/p) {2e3p Tp2(X) Ts(X) + T,(X) T,u(X)}, (A 3)
while differentiation of oc--(X ) (deﬁned by (2.304a)) gives
(1/p) Oifpac;y(X)} = O Tps(X)] + Ta(X) G[T5(X)] + (1/p) Tpu(X) Ta(X). (A 4)

Now, by using (2.14¢), (A 1) follows immediately.
With the help of (2.6) and (1.18) & (defined by (2.28)) is given in the form

& (x t) €inq%ji (X) pl( ){al[aqm( ) ]”+ 6l263m1(1/p nm m} (A 5)
The differentiation of the first term is carried out and use of (2.105) and (2.144) leads to
Ei(%,8) = € % X) 0ybyy + €50 053(X) Ty(X) {0,[ a(X)] — €310 (1/p) aga(X)
(1/P) C3nq m2anl }b (A 6)

Since by (1.32) T,,(X) 0,,[ay(X)] = —ay(X) 0,,[T,,(X)], it is now a straightforward matter to
verify (A 2).
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ArPENDIX B
The identities (2.41), (2.42), namely

—[&0ly = o[ (1/p) 4;;0;(px)] +T'y; By, (B 1)
—[Vx &y = 0[(1/p) 43;0;(pB)] + €24;05(Tz. By,) (B 2)

are established, where I';; (defined by (2.44) and (2.45)) is the symmetric matrix
Fij(p: zZ, t) = %“ezpq{ezjn epim + €ain epjm}paq[<1/p) Amn] + %—(,LLW(X) +ﬂji(X) > (B 3)

The derivation of (B 1), (B 2) is divided into four parts. The vector B(p, z, t) is (a) restricted
to be B(p,z,t)i, and (b) restricted to be Vx[x(p,z,¢)i4]. In each case [&y]s and [V x &)y
are considered separately. Superposition of the results then leads to (B 1), (B 2).

(a) The vector B is azimuthal (B = Biy). From (A 2), [&], is given trivially by

_["?o]qs = {pss(X)) B. (B 4)
Taking the ¢-component of the curl of (A 2) gives
~[Vx "?o]gs = 0;[(1/p) A;;0;(pB)] — €345 0{[€a1;(1/p) Ay, — {p1jo(X) )] B} (B 5)

However (A 1) gives the identity
€91 (1/p) 01z (X) — p19(X) = €93,0, [0 (X) ] — p1;(X),
= $62j10P O (1/P) tren (X)] = 3{p12(X) + 1;(X)}. - (B 6)
Hence (B 5) and (B 6) establish the identity (B 2).

(b) The vector B is meridional (B =V x yi,). Substituting B; = €5;(1/p) 9;(p)) into (A 2),

it is a simple matter to verify that
—[ &0y = %L(1/p) 450;(px)] — L6251 On(Arn) — Ct125(X))] €21, (1/p) Oy (). (B7)
Evidently, together with the identity (B 6), this expression for [&y]4 gives (B 1). The final re-
duction of [V x &]4 is more tedious. Lengthy but routine algebraic manipulations eventually

lead to
~[VXx &ly = €2 O;[ R arn(1/p) 0, ()1, (B 8)

where Riy = = 6apip0y((1]p) Ays) — €13 0 (Agy) + iy (X)) (B9)

The identities I';; = Ry; and I'y; = Ry, are self evident. Itis also straightforward to show, using
(A 1), that Ry3— Ry, = 0. Hence it follows that

Uy =Ty = §(Ris+ Ryy) = Ry = Ry, (B 10)
and so (B 8) establishes the identity (B.2).

AprrEnDIX C
An explicit correspondence is made with the work of Braginskii (19644, 4), by setting
X(x,t) = x+R (R, x,t) [{g) = O(RD)]. (C1)
Since J(X) = 1, it follows that
() = — RT3 () —R=J (), (C2)
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and hence T;;(X) may be expanded in the form

Tyy(X) = 83— Rbayy(n) + R7[Ti5(m) — Tho () 8351 — R () 8. (C3)

The magnetic field and velocity at X are given by
bF (X, t) = by(%,t) + R %a;,(n) b, (#,1), (C4a)
uf (X, 8) = uy(%,8) + R (O[0t); + @ () (%, 2)}. (C 4b)

The magnetic field at ¥ is now determined by expanding b* as a Taylor series at the point X
and leads to
b*(%,t) = b*(X, 1) — Ry Vx b*] (X, ) + 3R [ Vx (- Vx b*) — (V1) - Vx b*] (X, 2)
+0(R-%). (C5)
Thus with the help of (2.7) and (C 3), (C 5) becomes

bF(%,8) = bF(X,t) — R, (b*) + 3R (h) +may(n) ay(b*)]+ O(RP), (C6)

where hy(%,t) = nay(b*).
For the particular case where
b(x,1) = B(p,z,t) ig+ R 'bey(p, 2, 1) + R’ (,1), (C17a)
u(x3 t) = U(p, Z, t) i¢+R_1ueM(p> 2, t)> (C 7b)
it can be shown from (C 6) that the magnetic field and velocity at ¥ may be expanded in the
form b*(,1) = bO(#, 1) + RV, 1) + RO (w, 1) + b (p, 2, 1)} + O(RY),  (C8a)
w* (s, 1) = uO(x, 1) + RO (5, 1) + RU(%,1) +t1y(p, 2,0} + ORY),  (C 85)
where bO(x,t) = B(p,z,t)iy, uO(x,t)=Ulp,zk1)i,
B?d 0o Uy
(1 it S ® = (=
bM (x: t) p a¢'lM9 Un (x> t) (at P a¢) s
Boy 1 Boy
o [+ 229) 25 )0+ 025}
(%) »38) oo \2 538 (C9)
0 U?d 0 Ud
@ =] _ 2
() = (=¥ [n (54 53g) o + (55 2) () ©
o U?d
- |1

the suffix ; denotes meridional components of the vector and 9,/0¢ is the derivative with respect
to ¢: unit vectors are not differentiated.

In Braginskii’s (1964.a) analysis where the time scale is order R, 4(© is the mean axisymmetric
azimuthal velocity, R—*u® is the fluctuating velocity, R=1(<u) +t14y) is the mean meridional
velocity, and R~1uy, is the ‘effective’ meridional velocity. These identities are only correct to
lowest order. A similar correspondence can be made for the magnetic field.

The mean quantity I'y,(p, z, t) is now considered. From (2.304) and (2.45) it follows that

Pap = €95iCTi(X) %[ Tp5(X) 1D, (C10)
and substituting the value of 73;(X) given by (C 3), (C 10) becomes

RTy = 2oy 1) 53 Lasy )] )+ O(R-D) (1)
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With the help of the definition (1.26) and the identity (C 2), this expression becomes

aﬂz a”z a277p> < ’()217/) a/'? 6277,0 anz 1 aﬂz aﬁz> 1
Zy — =212 O(R%). 12
RUos = 5:Cag o 55 o3 ) Tp\opog 30 Tozog 0z Tpdg 2z T O (O12)

Together with the expression for (1/U) uy given by (C 9) it follows that RI'y, is the T' given by
Braginskii (19644, eqn (3.21)).

The correspondence with Braginskii (19644, eqn (3.20)) is completed by setting I';; (unless
i =j=2), 4;—0; and the mean of products of fluctuating quantities in (2.44), (2.45) equal
to zero: y is supposed order R,

Finally the above arguments can be extended so that a correspondence can be obtained with
Braginskii (19645, eqn (2.23)).
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